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English 


- . ..... . 


Abbrevia- 
tion 


Unit 


Abbrevia- 
tion 




^ ' 


mii^^i^i.^^^^^^^-^ 

'geo<aid**~^- 


m 
s 

kg 


foot (or mile) _ _ » 

second (or hour) 

weight of 1 pound- 


ft (or mi) 
seo (or hr) 
lb 






{^teiB^^^^Kf - - - ^ _ _ _ 


"""kph"" 

mps 


horsepower. - 

miles per hour- . ^ 

feet per second 


mph 
fps 



ti^^BAL SYMBOLS 




, Kinematic viscosity 
p Density (mass per unit volume) 
Standard density of dry air, 0.12497 kg-m-"*-s' at 15° C 

and 760 mm; or 0.002378 Ib-ff* sec^ 
Specific weight of "standard" air, 1.2255 kg/m' or 
0.07651 1b/cu ft 



-^> -^^^^ SYMBOLS 

t i^i;/ - 1 r r r - ^ i» Angle of setting of wings (relative to thrust line) 

Angle of stabilizer setting (relative to thrust 
line) 

Resultant moment 
Resultant angular vdocity 
VI 

Reynolds number, pr^ where I is a linear dimen- 
sion (e*g., for an airfoU of 1 .0 ft chord, 100 mph, 
standard pressure at 15^ the corresponding 
Reynolds number is 935,400; or for an airfoil 
of LO m chord, 100 mps, the ^sorresponding 
Reynolds number is 6^65,000> 
Angle of attadc 
Angle (^ dowQsn^ - - 4- 
Angle of attack, ii]£xute aspect ratio 
Angle of attack, induced 
An^e of attacL^ ahsdUitd (measured from zero- 
lift position) - - - 
Flight-path angle 
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ON THE PLANE POTENTIAL FLOW PAST A LATTICE OF ARBITRARY AIRFOILS 

By I. E. Gaiuuck 



SUMMARY 

The two-ilimendonal^ incompre.sdble potential flow past a 
lattice of airfoih oj arbitrary •^lape U investigated theoretically. 
The problem is treated by umal methods of conjormal mapping 
in several stages^ one stage corresponding to the mapping of 
the framework oj the arbitrary line lattice and another signifi- 
cant stage corresponding to the Theodorsen method for the 
mapping erf the arbitrary single wing profile into a circle. A 
particular feature in the theoretical treatment is the special 
handling of the regions at an infin ite distance in Jront e>j and 
behind the lattice. PJxpressions are given Jor evaluation of the 
velocity and 2>ressure distribution at the airfoil boundary. An 
illustrative numerical example is included. 

INTRODUCTION 

This paj)or treats tho problem of detoriniinii^ tlie (low pat- 
tern, or the veloeity and pressure fields, ussoeiated with the 
iiniforin flow past an infinite row of syiiinK^tricully ])laee(l 
airfoils of the same shape. This airfoil-laitic(» problem 
oeenrs in the design of turbine blades, wind-tunnel vaiu's or 
grids, and elsewhere. There is a purely inathenmtical intiuvst 
in the problem that eoueerns the field of eonformal mapping 
of infinitely eonnected regions. Analogous two-dimensional 
'lattice'' problems occur in the steady flow of lieat and 
electricity. 

Considerable ingenuity has been devoted to tl)e airfoil- 
lattiee problem, esi)ecially in the turl>omuchine studi<»s in 
the German literature and more recently in the British 
studies; nevertheless, a survey of the availabh* literatun^ 
indieatc^s that nearly all tlu^ treatments emj)loy(Ml and tlu* 
results obtained are of a special or indirect nature which 
involves, for example, lattices of tlun lines or approximate 
graphical ])rocedures. Recently, however, A. R. Howell in 
a British paper of limited circulation has written briefly on 
♦ he theory of arbitrary airfoils in cascade, Howell applies a 
special transformation to an airfoil lattice to convert the 
lattice region to a somewhat random, simply connected 
region and, with the aid of several stages of eonformal 
mapping, obtains a region about a circle. 

The problem of determining the incompressil)le potential 
flow past an arbitraiy single wing section was studied by 
Theodorsen (reference 1), who gave a practical ])rocedure 
for its solution. The case of two wing sections, or the 
arbitrary bi{)lane, was Xfiivv treated in reference 2. The 
determination of the How past an infinite lattice of airfoils 
of the same shape is a problem intermediate in difliculty in 

743971- 4J> 



comparison with i\w aforementioned ones. The treatment 
for resolving this ])roblcm given in the present i^eport is 
similar to that for the arbitrary single wing section but the 
calculations are more involved. 

The problem will herehi be studied by the usual method 
of eonformal mapping. It is convenient to accomplish the 
result iti thr(M^ or four stag(*s: The airfoil lattice is first re- 
|)lac(Ml l)y its skeh^ton, or framework of line segments. The 
initial mapping function employed transforms the lattice 
sk(^l(^t()n into a circle*. In the plane of this circle there are 
two singular points, known as bran(*li ])oints. These points 
have dual significance: They corresj)on(l to infinite regions 
in front of and l)ehind the lattice^ of lines, and they enter hi 
the problein of reducing the lattice region (multii>ly con- 
nected region) to tlie region of a single body (simply con- 
nected Region). If now an arbitrary airfoil shape is gen- 
erated or given around tlu^ framc^work of lines, then in the 
plaru* of the circle a circular-like contour is generated around 
the original circl(^ This contour may be transformed into 
an exact circlt^ by the well-known procedure given in ref- 
erence 1 or 3. The original two significant pohits are then 
traced by a transformation due to H. A, Schwarz. A final 
(4ernentary transformation will bring the circle into a stand- 
ard cinde for whicii the two characteristic^ branch points arc 
symmetrically placed. The region of this circle is considered 
the standard n^gion for determining the flow patt(U*n. 

For illustrative purposes an outline of a procedure for 
calculating pressure distributions is included. The m(»thod 
may b(» followed without n^f(M'(Mice to the th(H)ry t)y readers 
interested mainly in mimei'ical lesults. For convenience, a 
list of symbols is given in appendix A. 

ANALYSIS 

Initial transformation for lattice of straight lines. — Con- 
sider the transformation (reference 4) 

where g, b, and a are real numbers and 6>a. Introduce 
coordinates ^ and 6 by means of the relation 

z'=ae^^'' (2) 

and let 

-J^6^o (3) 
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Equation (1) may then bo oxprossod as 

> — JL 1 posh 7o + eosh (y^+ie) l ... 
2-K Lcosli 7o-cosh (lA+i^J J 

If ^=0, according to (filiation (2), lios on a circle of 
racUus a 1(a)). According to equation (4), + 
is the logarithm of a real positive fiuiction and, conse(|uently, 
represents a real function (its pnncipal value) and the infinite 

sequence of values differin*^: from this function l)y ^ Ik-^l^ 

where k is any intet>:er. The transformation illustrated in 
figure 1(b) is that of an infinite lattice of unstagj^ered lines 
of gap g in the f i-plane into the circle of radius a in the 
s'-plane. The points ?J — h and z' = — correspond to 
infinity in front of and behind the lattice, respectively. The 

invei-se points 2'= ^- and ^'^'""j insicb the circle of 

radius a. 

In order to introduce stagger, it is conv(^ni(Mit to consider 
the transformation 



) 



where h is real. This transformation can be written with the 
use of equations (2) and (;^) as 

, h_ Fsinh 7o+_siiih + 
log (^+;^)J 

If \f/ — Q^ the expression within the brackets is a complex 
number of unit magnitude; hence, the logarithm is a pure 
imaginary number plus an infinite sequence of luunbers 
iliirering by 27r?. Tlu^n ^2— ^2 + %2 represents a sc(pien(*e of 
real numl)ers differing l)y h and the lattice is one* of hori- 
zontal lines displaced from each oth(*r by h (fig. 1(c)). 

The transformation for the g(Mieral staggered-line latti<^e 
is a combination of ecpiations (4) and (5) 



or 



(6a) 



(6b) 



where 

gap g=d cos /3 
stagger k=d sin 

stagger ratio — ==tan p 

the parameter d may l)e called the slant gap (fig. 1(d)), 
and (8 the stagger angle. 

The geometr}^ of the lattice* may l)e expressed in terms of 
the parameters 70 ^^^d by noting that the chord length 
may be obtained from the (singular or (*ritical) values of 6 
which correspond to the etid ])oints of the chord and are 



solutions of the equation ^S^O, This equation gives the 
result 



tan ^=tanh jo tan /3 



or, for hxter refer(»n(;e, 



^ cosh 7o cos 0 

cos 



sin 6=^ 



Q 

sinli 7o sin 

Q 



(7a) 



(7b) 



where 



^-(cosh- 70" sin' fiV'^ 



Relations (7) may })e emi)loyed in two w^ays: (1) When the 
paiameters 70 and (i are given, the relation determines tlie 
two critical valuers of 0, dt and Of, whei-e the subscripts / and 
t ivUn- to leading edge and trailitig edge, respectively, and 
dt=di+T. (2) When Bi or tan Oi and the stagger angle 
are given, the relation determines the parameter 70. 



4.9 
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FidUKE 2.— (^ap-chord ratio against st.aiiger anplo for various values of - = « °' 

The chord e may be obtained by putting 6-=di and B^Ot 
in equation (Ga) and taking the difierence in abscissas Xi and 
X/. From equations (4) to (7), 

C^Xi — Xt 

=- (cos p log {.^^ -+s.n p tan (8) 

By means of equation (8), the parameter 70 can be pre- 
sented directly in terms of given values of the gap-chord 
ratio for any stagger ratio. A repi-esentative chart rehiting 
gap-chord ratio, stagg(4' angle, and 70 is shown in figure 2; 
some values are given in table I. 
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TABLK L— GAP-CHORD UATIO, PARAMKTKK 70, AND COUllESPONDING VALUKS OF di FOR VARIOUS STAGGER ANCiLKS 



6/a 


7„ 


sinh y 

0 


cosh 7 

0 


/9=0°; ^1=0° 


^=30° 


/3=00° 


/S=90^; 


d/c 


d/c 
■ 


(ft {ilVg} 


d/c 




die 


1.005 


0.0(M988 


0.(HI49H8 


i.0(X)0l2 


0. 20207 






0. 13 


0. 4415^ 


0. 50 


1.00319 


l.Dl 


. (J()y950 


. 009950 


1. 00tM)50 


. 29019 




i 33 


. 48904 


. 99 


1.00037 


1.02 


.01980:^ 


.019804 


I. (KK)190 


. 34030 


• ' ' ■ 


. 00 


. 54774 


1. 97 


1. 01277 


I.O.'i 


. (148790 


. 048809 


1.001191 


. 42299 


. 40845 


1. 01 


. 05010 


4. 


1. 03204 


1. 10 


.09<^'il(J 


. 095455 


1.004545 


.51594 




3, 14 


, 7.5547 


9. 35 


1. 00450 


1. 15 


. i:i97(i2 


. 140217 


1.009783 


. 58995 


ii4331 


4. 58 


. 8:^357 


13. .52 


1. 09732 


1.20 


. IS2;i22 


. 18;«:« 


1.0I(>007 


. 05507 


. 71028 


5. 94 


. 89900 


17.35 


1. I.'i051 


1.25 


. 22:^144 


. 22500(J 


1. 025<I<)0 


. 71490 


. 77129 


7. 22 


. 95724 


20. 82 


1. 104(H) 


1.30 


. 202:if;4 


. 2<)5;i85 


1.034()I5 


. 77118 


. 82829 


8.42 


1.01064 


2:1. 90 


1. 19781 


1.35 


.;i(M)io5 


. 


1.04.'^370 


. 82489 


.88241 


9. 55 


1. (m073 


21). 78 


1.23191 


1.40 


. ;^:i0472 


. 342857 


1.057143 


. 87(>l)8 


. 93433 


10. 01 


1. 10841 


29. 33 


1.20027 


1. 45 


. 7 1504 


. .'Ml 1 72 


1. 0()9K28 


. 92094 


. 98450 


11.59 


1. 154;i3 


31.01 


1.3(X)80 


1.50 


. 40Mfi5 


.4HM>07 


i.0833;i;i 


. 97599 


1.03340 


12.52 


1. 19890 


33. 67 


1.33570 


l.fiO 


. 470(X)4 


. 487.500 


1. 112,T<K) 


1.07124 


1. 12792 


14. 20 


1.28505 


37. 20 


1.40<iO] 


1. 70 


. 5;j()028 


. 555K82 


1. 144118 


I. \im2 


1.21927 


15.07 


1.30849 


40. 08 


1.47708 


1.80 


. 5877X7 


. 022222 


1. 17777K 


]. 25387 


1 . 'M)K^) 


10. 90 


1.45020 


42. 40 


1.55123 


1.00 


. 04 1 854 


. 080842 


1. 2131.^:8 


i. ;^4250 


].;i 9.501 


18. 10 


1. 53(Xi7 


44.44 


1.02114 


2.0 


.r.9;iM7 


. rrmm 


1 . 250(X I0 


].42<)80 


1.48157 


19. 11 


l.OlO.'iO 


40. 10 


1. (59397 


2.5 


. 910291 


1.0.5(KH10 


}.4mm 


1.8.5.391 


1 . 89894 


22. 09 


2. 00292 


51.44 


2. or»407 


;i.o 


1. 0980 i:i 


1 . ■.v.vxvxi 


l.fi00007 


2.20019 


2. :m^i 


24. 79 


2. 39240 


54. 18 


2. 44105 


4. 0 


1. ^294 


1.87.')(KIO 


2. 125(KI0 


3. 07484 


3. 10.588 


27. (KJ 


3. 17118 


50. 80 


3. 20r»05 


5. 0 


l.fiO(M.S8 


2. 4mm 


2. vmm 


3. 87402 


3. H»8«4 


28. {Wt 


3.95103 


57. 98 


3. 97883 


10.0 


2. :t()2585 


4.»flOOO(J 


5. (\rnm) 


7. 82S40 


7. 84 191 


:y. 51 


7. 8(K)40 


59. 50 


7. 88022 



Inversion of equations (4) to (6).— The initial transfonna- 
tions may be thought of as mapping a framework of chords 
of an arl)itrary lattice into a circle. If a sha])e is generated 
around the chords in the s'-plane, a contour is generated 
around the circle of radius a. This contour, wliitjh mxist 
exclude the points z'=—h and s' = 6 and must enclose the 

points 0'^— y and 2'== J > may he consi(h»red to be com- 
pletely defined by the function ypid). If a lattice of airfoils 
is preassigned, the function ^(^) must be found fj-om the given 
coordinates of the airfoil shape. In order not to interi upt 
the sequence of main ideas, the details of this problem are 
relegated to appendix B, with certain remarks on the practical 
achievement of a nearly (circular contour. 

Transformation of contour in ^'-plane to circle in 2- 
plane.— It is assumed now that tlie circular-like contour 
in the ^'-plane which corresponds to the airfoil contour of 
the lattice is either given or determined; that is, the function 
}f/(6) is known in the boundary expression 2'^«e^+''^. By 
the procedure of reference 1 or 3, the transformation 

2' = 2ef^'^ (9a) 

where 

Az)=t.l:=iogj (9b) 

and Cn are complex coefficients determined by the boundary, 
is then employed to transform the e'-contour into a circle 
in the ^-plane. The transformation (9a) keeps 
the regions alike at infinity in the 2'- and 2-platies; that is, 

0=2' and ^-=1 at infinity. The correspondence of the 

boundaries is determined by the functional equation 

for which a convenient numerical solution has been outlined 
in referenc(^ 3. The radius of the circle B—ae"^^ is determijied 
by the relation 

\^'o=2xJ^ (11) 



For consistency, tlie functional symbol ^'{<j>) is here^used to 
denote tlie (iuantity ^ expressed as a function of 0 — that 
is, ^[^(0)]. In reference 3 the notations i^(<^) and ^[<9((^)] 
are used. 

It is nec(\ssary also to tracer the correspondence of the 
points z' = h and z'=~-h. Let z^fi, correspond to z' = h 
and let 2=—^^ correspond to z'^—b. The values /3, and 
ft nniy b(> determined by a relation (due to Schwarz) that 
ex])resses the value of a com])lex function in tcM^ms of an 
integral of the re^al pail of tlie function along a circle. A 
simple derivation of the desiied relation is shown in appendix 
(\ The expression is 

logJ=/(0) 




The values of fix and ft niay be determimHl from equation 
(12) by an iteration process that converges extremely 
j rapidly. The process may be described as follows: In 
equation (12), let the zeroih approximation to fi^ be z=^Zo=h 
and let the corresponding value of 2' be written = Zq =hef^^^ , 
where/(6) is the evaluation of equation (12) for 2=6. It is 
actually desired, however, to have z'=h but, because 

z' = z,'^b + z,'~b 

the initial value of z' diffei-s from the desired value by 
z^' — h. Furthermore, z=--Zq differs from z=fi^ by approxi- 
mately the same amount; hence, reducing Zq by the quantity 

^o' — & gives 

=6[2-e^<»>l 

which may be considered a first approximation to ft. If it 
is desired to check this result or to obtain a second approxi- 
mation, the process may be repeated; thus, from equation 
(12), find /(2i) and 
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Thou, 

2.,= 2^ + b — Zi' 

which is a second approximation to fii an<l, in general, the 
7iih approximation is 

It is clear that, should Zn correspond to c„_i, 2n-i^ must cor- 
respond to 6 and the process automatically stops. The nu- 
merical pi'0C(*ss is jj:iven in appendix C; relativel.y elemen- 
tary steps are involved. In onhu' to (h^ermine —fioy the 
process is a])plied with b rejdaced by ~~b. 

Transformation to standard circle in u^-plane. — In order 
to obtain the flow patt(M-n, it is desirable to introduce another 
function whiclj transforms the circle in the e-plane into 
another circle in tlie i/vplane in such a way that the ehn?- 
acteristic ])oints z= and ^= — iiiiM> 'ii^^^ ic^ham] lo^ — h, 
respectively. The region of the cii-cl(^ in the ?/^-i)Iani> mny 
be considered the standard region. The ch^sired trans- 
formation may l>e written as (see api)en(Hx D) 



whero 



b+vr^^\07+zJ 



K= 



(13) 
(14) 



and R=ae'^^} is the ra<lius of the original circle in the 2:-plane, 
^1 is the complex conjugate to /3i, and S is the radius of the 
new circle in th(^ v>plan('. The radius S is determined by 



S=be-'^ 



where ji is obtained from 

cosh 7i = 



+ 



(i:>) 



(10) 



Complex velocity potential in ?;>plane.— Consider the flow 
function ^2(?/;)=*+?^l', which is (h'flne<l as 



(17) 

Till" flow patU'in may be i(><iarcli'(l ns duo to a combination 
of siiigulaiitics, sinks, sources, and vm-liccs, placed at the 

points w= ±b and 10= ± as indicated in iigiuv 3. It may 

^ Vd cos or 
\'Vd sin a- 
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> 



be readily verified that the circle of radius S- that is, 
w^^Se^'' part of a streandine and it may further be 
observed from figure 3 that the circulation around any 

contour which encloses the i)oints w= ± ^ and for which 

the points w= ±b are exterior points is T (positive if coun- 
terclockwise). Th*» param(>t(M- a will be interpreted later 
as an angle of attack. 

Tlie vahie of the circulation T may be (h^termined by 
means of the Kutta-Joukowski condition for smooth fiow 
at tlie trailing edge of the lattice. Let ao be the value of a 
on the boundary circle Se''' that corresj)()n(ls to the trailing 
edge of the lattice. The Kutta-Joukowski condition then 
re(iuiivs that the flow separate at (X=<7o, or that a stagnation 
point (wist there. 

With ^'^=0 and iv^^Se'''^ tiie following relation for F is 
dw 

found: 

r=- ^^^^^;J,[6sin (cro+a)+f sin (^o^a)] (KS) 

If Sib is r<^i)laced by ('^^ (( (juation (15)), cfjuation (IS) may 
l)e expi'cssed as 

^ ^T-// ('OS (Ta . , sin (To \ /Hn 

T=—2\< i 1 sm «+ . 1 - cos a ) (M)) 
V cosli 7, ' smh 7i / 

Expressions for velocity in lattice field. -In order to obtain 

the flow iiattci-n in t!ie lattice fi(>ld (f-plane); iho c()mf)onent 
factors of the following (^xpn^ssion ai'e recjuired: 



do (Klihrdz (h^ 
d^^dwdz dz' d^ 



(20) 



These terms may be obtained from e<|uations (17), (IH), 
(9), and (G). 

It is of ])articidar interest to evaluate equation (20) 
explicitly for the regions at infinity in front of and behind 
the lattice an<l also on the lattice boundary itself. It is 
recalled that f^-^oo corresponds to = w?=6 and that 

^^_oo corresponds to z'^-—b, £=~/3>, w^ — b. By com- 
bining terms according to e(iuation (20), the (reflected) 
iidet-velocitv vector is obtained as 



(21) 



and tile coiresp<)n(lin,tr e.Ni)ivssion for tlie oiillet-velocity 
vector 's 



FifiuuK 3.— Flow sineulariti<'s in stnmlanl 77 -pI*i"i;. 



(22) 
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By addition of equations (21) and (22), it hccomos clear 
that the velocity vector of magnitude V and angle of attack 
a+p with respect to the a:-axis is one-half the vector sum 
of the inlet and outlet velocities (fig. 4). 




Figure 4.— Inlet, outlt^t, an<l mean velocity vectors and angles of attack. 

If the angle of attack of tlie mean velocity vector with 
respect to the ar-axis (chord direction) is denoted by 
«af=a+/3, the velocity components hi equations (21) 
and (22) arc 

T^ar, = — T'^cos a^ + ^sin j3 



Vy^^ — V&in aa,+2^cos 



and 



V:^^= — V cos 9^ sin /3 



Vo2^ V sin «r — 9^ cos 

The conventional angle of attack a is measured with 
respect to the normal to the slant line of the lattice. The 
components normal to and along the slant line of the lattice, 
sometimes referred to as **axial" and ''whirl" components, 
respectively, arc found by rotating all vectors in the j:.y-plane 



by angle i3 (fig, 4). These components are, for the inlet 
velocity, 

p 

Vjr^=V sin 
and, for the outlet velocity, 

Vn2~ ~ V cos a= Fa^^ 

Vi^^V sin 



2d 



The squares of the magnitudes of the inlet and outlet 
velocities are 

where T/2Vd may be obtained from equation (19). Observe 
that the inlet and outlet speeds are equal, V'', = F2, when 
a = 0° for any value of r. The inlet and outlet angles of 
attack with respect to the normal to the lattice line are 



cos a 



, sm a — ^TT_/ 
a2 = tan^ 2\ d 

cos a 

and the angle through which the stream is turned is 



«i — a2=tan * 



2Vd 



cos a 



(23) 



The component factors in equation (20) are now to be 
evaluated at the lattice boundary and, as the boundary 
itself is part of a streamline, only the magnitudes of the 
factors are of interest. 

From equations (17) and (19) and with w=Se*'', 



d^ 
dv) 



2Vd 1 r • 1 • / N 

+ cosh 7i cos a(sin o— sin (24) 



where the parameter 71 is defined in equation (15). 

In order to obtain dwjdzy it is convenient fii-st to express 
equation (13) explicitly in w as 



w 



(25a) 



A standai-d form for the transformation of a circular region 
\z\^R into |w!>Sis 



(25b) 
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Comparison of (Hiualions (2r)a) and (2")!)) makes it dear that 
tho complex paraniotor 5 and tlio ival paraniottM' X niay ho 
obtained from the foIlowin*r rehitions: 



o\', as a cheek relation, 



iuul 



5 = 



or, by equating angles on both si(h's, 



0+K)h 



(20a) 



(2()b) 



(27) 



From equation (2r)b), the exphcit corresponihMici^ of a point 
on the circle v-^Se*'' to a i)oint on tlie circle can he 

obtained as follows: 

5 



(28) 



Let the complex number <t be ex])ressed as \bv'^ and let 



where 



and 



m (<;») = 1 — 2 ^ cos (<;> t) -f^^, 



(29) 



M(«) = tan-^ 



'j^ sm ((;)-t) 



cos t) 



Observe that the denominator in equation (28) is the con- 
jugate of equation (29) ami is therefore (>qual to ine''^. 
Til ere results for the correspoiideiice of c and <f> 



(30) 



In particular, if the (trailin^r-ed^je) value of 4> that coire- 
sponds to dt SIS determined by equations (7) is written as 
^^=0^+€t, where tt is the value of €(<^) at from e(iuation 
(10), then 

g-o=<^o+^H-2mo 



By did'erentiation of equation (25&), 



(31) 



On the boundary, put z^Re'"] then, the ina^^Jiitudc of 
equation (31) is 



\dw Sf,\8c\ 1 



(:^2) 



The expression for J on the boundary is obtained from 

i 

equation (9) in tvrnis of the functions e{4>) and ^(^) of 
eq\uUion (10) as follows (see reference 3): 



and, Ix'ciuisc on tho Ixiundary is 

/(r)-*(<.)-iAo+'(^-<l>) 

wlioro 

e-<f,=({<t>) 



I.: 



Tlu- last facloi- of equation (20) is expressed from equation 
(G) on tlie boundary ;' = (/^*+'' as 



(34) 



IT I)Z' 

wh(T(» 

7y;=rj^cos^i3 cosh-7u(coslrV— cos^^) 

-|-sin^'/3 siuh-7o(coslrV— sin-^) t^i" 2^ sinh 270 si" 20 J 

/>--:cosh 27o-cosh 2(^+i0)| 

[(cosh 270-cosh 2^ cos 20)2+ (sinh 2^ sin 20)']'2 

Finally, combining ia e(iuation (21) the factors given in 
equations (24), (32), (33b), and (34) jnelds 



=AHCD jA' 



(35) 



where 



1 



^1"-^ , , ' [sinh 7i sin a (cos 0— cos (To) 

cosh 27i — cos 2cr ' ' 

+ cosh 7i cos a (sin 0— sin ao )] 

7>^.[(oosh 27o"Cosh 2^ cos 20)M (sinh 2^ sin 20)-]'^ 

7t'^-j^cos-/3 coslr7,i(<^*oslri/'— ^os'0) 

1 72 
+ sin-/3 sinlr'7u(^*oshV— siii"'^) ~4 2)3 sinh 270 sin 20 

An a])i)lica.tion of equation (35) for the purpose of illus- 
Iralin^i: the various stei)s involved in a calculation of the* 
surface^ velocity and ])ressur(^ of the airfoil lattice is <j^iven in 
ap])en(Mx E and illustrated in figuivs ;> and ti. For the sake 
of comparison, the single-airfoil case is given in ligurc 7. 



ON THE PLANE POTENTIAL iXOW PAST A LATTICE OF AKBITHAHY AIHFOIL^ 



9 




40 

Ux) 0=0; a 

Kn:rHK 7.- I'lTSSiMV (list ribiU ion for XA( 



(c) C/. = 1.0: a= ».02". 

(<l) Clj-O.*!!; a-U>n'. 
A .UPitiirfoil. Siri^U-:iiif<:il v^^^-, t:up-clio.d ratio. innnK.s slopool ha<ii. vc ^^^^ -«...^'. 



Some special results from equation (35) for a lattice of 
lines.-Iu the case <>t" a'lattico ol' straight Imos, the 
and ^/vplaiu's mvv<^r\ \wva'v 0^4>--^<j and S^ a. 

Vroni ('(Illations (in) and (7) anal with a-f^-a^, which is 
iho an<j:lc of attack witli rcsi)(^ct to the chord, 



2\y""^(cosh- y^i-^hr l^)^'' 



The lilt per unit span on a singU* nieinher of the lattice is 
y;iven by 

where p is the air (U.)sity. The lift vector is ,)erpcndicular 
to the mean velocity vector (fi-. 4). This resnll is -enenil 
and not hmited to a straight-hne lattice. The lift coeHi- 
cient is 



\vh(*re 

1 eos p co< ^? , sin 0 sin 6 

(cosh^ 7>-^hr 0)'^^ cosh 7.) <nihyo 

cos /3 siiL? — ^'*^ ^ ^'^^"^ - 
sinli^o cosh 7o 
In the sp(M ial cases in which /3^0° and fi - 00^ the rehitions 
(;3()) to (38) are sinipkn". 

For stag<,'er an^^de j3=0° and with rf=/7, 

^Tf/^cosh 7o 

From equation (S), 



cosh 7:i -^C0tll 



and 



(37) 



wlu'iv 172 1 W is -ivcii ill equation (MO) anil ( /(/ can hv found 
bv ('(luation (S). . , i 

■ Tlu' local velocity on the sinfa.v (eciualion CU)) bcconi.-s 



r^COS sin tXr^ 



L=--2pV-ij tanli .'^'^ sin Ur 
tanh 

= Tpcf^' sina> 
•-'.'/ 

The lift coeflicieiit., acconlini: to e(iuation (;!7 ), is 



t^nhry- . 
Jtt • sm ns, 

7VC 
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For /3-0°, thoivfoiv, ihv sloix^ of tlu> lift curve is always less 
than 2ir. Nolo that, for larg(^ pip, ajid the lift 

corfncient is 

Cl=2t sin 

When the gap £^ is small coniparcMl with the chord c, 

Cf—>4 sin ay 

The local volocity at the surface, b^^ equation (38), is 

t'=P"^cos Qf:c+tiinh 7,) cot I sin 

This result may be compared with that for the single-line 
airfoil (7o= cd) 

r=T'^cos a^ + cot^sin 
For stagger angle /3=90° and with d-=h, 



Foi ^ = 90°, therc^fore, the slope of the lift curve is alwavs 
gr(^at(M- than 2,r. The local velocity at the surface is 

T^[cos a, + c<>th To cot (e-l^^ sin 

It may bo noted in passing that, for c=-h, 



From equation (8), 



r___^in ttj, 
2Wi ~'sinh 7o 



sinh 7fl=:cot^ 



ire 



and 



2h 



L = 2pV% tan || sin a^. 
^-irpcV^ sin 



The lift coefficient, according to equation (37) is 



tan 



2h 



irc 

2h . 
sui a. 



as compared with 



Cl = S sin 

Ci = 27r sin aj: 



for the single airfoil. 

For the limiting case in whidi h and d approach co, tlu> 
transfonnation (C) becomes 

and, with limit ^Ib^^ "i"' « ih>w variable £"=2'^-"* 

which is tluv famiUai Joui^owski transformation. If the 
vaiiabh-s 4, and 6 ((>quation (2)) are iutro<hicc<l, the coi-- 
rosponding result is expressed as 

t=2a eosh [^+i(^_/3)] 

where the limit, as ^„-.», of been put 

equal to 1. 



Langlky Memouial Aeronautical Labouatohy, 
National Advisory Committee for Aeronautics, 
Langley Field, Va., November 19, 194S 



APPENDIX A 

MAIN SYMBOLS 



ft. f2 



complex piano of airfoil latlico {x+iy) 
complex pianos of airfoil laitico for stagger angles 
/3=-0° and fi=90'', respootivoly {xi + iyi] X2+iy2) 
z' complex plane of circular-liko contour (ac^+*'^) 

z circle of radius I}=ae^^ in s-plano (oeM^) 

w circle of radius S^he"'' in ^/;-pla.ne (he 

f =00 , £'=.6, 2= iSi, u = 6 corresponding points 

f=-oo, s' = — 6, w-=-b corresponding points 

(7, 6 reference lengths 

gap-chord parameter (6=««^o) 
^ stagger angle 

lattice spacing, or '^slant" gap lor any value ol 



9 
h 
V 



lattice spacing, or gap for /3^0^ 

lattice spacing, or stagger for ^= 00° 

magnitudes of mean of inlet- and outlet-velocity 

vectors (fig. 4) 
angle of attack with respcH't to x-axis of mean 

velocity vector 
angle of attack with ri^spect to normal to slant line 

of lattice of nu^an velocity vector 
inlet and outlet angles of attack with respect to 

normal to slant line of latticnv respectively 
magnitudes of uilet and outlet vekxuties, ro« 

spectively 



APPENDIX B 

INVERSION OF EQUATIONS (4) TO (G) AND CHOICE OF COORDINATES 



It is desired to find from a given airfoil lattice in the 
f-plane the contour defined by V^(^) in the ^'-plane. Tliis 
problem corresponds to an inversion of equations (4) to (G) 
and can be oxa(^tly trcnited for the cases in which /3=0° and 
^=90^ (equations (4) and (5), respectively) but an iteration 
or successive-approximation method is required for equation 
(6). Furthermore, although the paranu^ters g an<l h are 
fixeil by the geometry of the lattice, a choice exists in the 
definition of the chords and the origin of coordinates. This 
choice is discussed following equation (Bl7). 

Stagger angle ;3 = 0^— From equation (3), there is obtained 



IT 

cosh (^+i^) = cosh 7o tanh - fi 



(Bl) 



Putting ^1-/1+^2/1 and denoting the real and imaginary 
parts of equation (Bl) by fi and t?,, respectively, leads to 



cosh 7o sinh Xi 

cosh yf/ cos 6=^1= - ~ 27r 

cosh - jTi + co? Vi 
a 0 



sinh ^ sin d=i;r 



cosh 7o ^^in Ih 
cosli - Xi + cos - ?yi 



(B2) 



The expressions containing and y, in equation (B2) arc 
considered given since tlu^se quantities are known from the 
coordinates of the airfoil lattice. If aiul B are eliminated 
successively, 



and 



Vcos b) Vsin B/ 
( "> Y 



(B3) 



From eqiiution (B3), there rosiilt the following expressions, 
which serve to aefine the function i{d) in terms of tlie airfoil 
coordinates: 



where 



sin^ e=2>+\V+''i^ 
sinh- >A=— P+Ay+iJi" 



(B4) 



For s.nall vah.es of 6, the relation sinh \^ = gj^ ^ may be used. 

It is useful for computational purposes to record the real 
and iniaginaiy parts of equation (3) 



where 



-I. a '-SI 



= ^ (<^l — ^2) 



Pi2=::(cosh 7o+cosh i/' cos ^)''^+(sinh sin BY 
p,2=(cosh 7o-cosh yp cos ^)^+(sinh ^ sin 6)' 



(B5) 
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sin <j>i= sinli sin 6 
Pi 



sin <t)2^ sinh ^ sin d 

P2 



The angles are to be chosen betw(»en -tt and x, and tlio 
quadrants may be determined by noting also the ivlations 

cos <t>i=~ (cosh 7o+cosh ^ cos 6) 



cos - (cosh To— oosh yL cos 6) 

Stagger angle /3=90°.— From equation (5), there is 
obtained 



sinh (v^+z(9)=sinh 70 tan ^ ^2 



(B6) 



With ^2— X2+i?/2 and the real and imaginaiy parts of equation 
(BC)) denoted by and 772, respectively, 



sinh ^ cos ^={0== 



smli 7o sin :r2 



2x 



cosh y 2/2 + cos 

sinh 7o sinli ^ 2/2 
cosh \p sin 6=7)2^ 



2ir 



cosh y 2/2 + cos 
If ^ and ^ are eliminated successively, 

\cmdj \sindj ^ 

(smh ^) (cosh ) ^ ^ 

From equations (B8) there result finally the followiiii^ 
expressions, whidi serve to define the function ^((9) in terms 
of the airfoil coordinates: 



(BS) 



where 



sinhV= —q+ ^V+f,2 



(B9) 



For values of $ near ±90^ the relation sinh ^= - may 
be used. ^ 

It is useful for computational purposes to write the real 
and miaginary parts of equation (5) 



(BIO) 



when 



P3^= (sinh 7o+sinh \p cos ey+ (cosh> sin 6)^ 
p/==(sinh 7o— sinh cos ey+ (cosh ^ sin oy 



sin - cosh ^ sin 6 
Pz 



sin <^4= cosh ^ sin ^ 

The angles are to be chosen between -tt and tt, and the 
quadrants may be determined by noting also the relations 

cos "^(piuh 7o+sinh ^ cos 6) 

P3 

cos 04=-^ (sinh 70— sinh ^ cos 0) 

Arbitrary stagger angle and choice of coordinates.— 

Because of the transcendental nature of equation (6), a 
direct inversion expression seems unobtainable; however, 
the values 6) that correspond to coordinates (j, y) may 
be obtained without difliculty by an iterative process. For 
this purpose and for the purpose of choosing the coordinate 
axes, expansions of x,, Xg, ?/,, and 7/2 in powH^rs of ^ are useful. 
The following expansions nuiy bt^ readily verified: 



d 

cos 8 



[log 



COSll_7r) -f-(^O.S d 

cosh 7o— COS d 



+ ^^cosh Tocos^?/"|^:^"-~^i";^ 

(cosh^ 7o— cos^ ey^ 



d 

^2 ^ :^ sin 



in 0 j^: 



^ . sm e 
2 tan ^ , — 
smh 7o 



+ 



Then 



where 



(cosh' Tu— cos" fl)* 

2ir cosh^ 7o— cos^ ^ ^ 
_ ^ ^^^^^^ COS e , 

2/ = ?/l + ?/2 
TT 



ir(^) = cosh 7n cos /3 si n g-sin li sin /3 cos 6 
cosh^ To— cos^ e 



.J (Hlla) 

.] (Bllb) 
(lillc) 
(BUd) 



(B12) 



If the at-coordinate of the straight-line, lattice, which is con- 
sidered the skeleton of the airfoil lattice, is denoted by x^, 
then zo is given by the value of x=Xi-^Xi for ^=0, or 



and 



fBl3) 
(B14) 
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where 

^f^. cosh 7o cos /3 cos g+ sinli 7 0 sin g sin Q 
cosh^ To-cos^l 

_ (cosli To COS /3_sin ^— sin 70 sin /3 cosj) 2 sin g cos 0 

(cosh^ 7o— cos^ ey 

In particular, the leading- and trailing-edge i)oints x=^Xi and 
x=Xty are detennined by the values of 6=^61 and 6=^61 that 
may be obtained from equations (7b). Then, 



where 



^^"^^Vsinh^To^cosh^ 70/ 



(B1,5) 



and a-o, denotes the* Uuiding tnlge of the line given by i/'^O. 
A similar expression holds for Xt. 
From equation (B12), for constant 

In the ncigliboihood of the loading ('<lge, thorcforo, 



With this vahie of 1/0, equation (Bl5), 



TT 



(B16) 



For Jo iioar Jo,, there is obtained hom equation (BUi), 
where the following relations are found to hold: 



Hence, 



•ro/'=^[-<?Ce)]».v-=-i6?« 



Tlien, from equation (B14), 



It follows from equation (BH)) that, for j-=rn,, 



and 



If the total ordinate for both upper and lower sides at 
x=Xoi is denoted by y,. 



^4 



(B17) 



This result leads to a simple and convenient way of choosing 
axes of coordinatt^s in order that \p{e) will behave smoothly 
at the edges, that is, that the vnluc of ^ at the leading edge 
is approximately the mean of the values of \p at neaiby 
ordiiiates on the upper and lower surfaces. For a parabola 
the latus rectum, or ordinate through the focus, is four times 
tlie distance from the vertex to the focus. P:quation (B17) 
states that the end point of the skeleton chord should bo 
approximately the focus of a parabola at the nose. 

The scheme for choice of axes is as follows: Locate a point 
F near the leading edge where the ordiiuite through F is four 
tinu's the distance of F from the leading edge. Similarly 
locate a point F' near the trailing edge. The origin of coor- 
dinates then bisects the line FF' , which is on the i'-axis and 
repres{*nts the chord of the skeleton line airfoil (To 
th(^ order of approximation employed, the afon inenlioned 
choice of axes coincid(^s with that given for the sijiglc wing 
section in reference 1 oi* ;^.) 

Procedure for finding (i/', 6) from (x, ?/) for arbitrary 
stagger angle i3.— An iterative ])rocedure is given herein for 
tinding ^(6) from (x, y) for arbitrary (i, in whic^i the knowledge 
of the case for iS--0'^ is emi)loyed to help in formulating the 
initial api)roxiniation. Tn bri(*f, values of 0 are obtained for 
stagger angle fi^i)'' for both the airfoil and its line skeleton. 
VaUres of 6 are tlu^i found for the skeleton, in the case of 
stagger angle 13. Thi^se fimctions ])ermit approximate values 
of e to be found for the airfoil, for staggcn- angle /?. Equation 
(1M2) then enables approxinuite values of \p to be obtained. 
These vahies of (i^, 0) are tlu^n readily checked and improved, 
if necessary. The steps are as follows: 

(1) Choose the axes as outlined and (^xprcss the airfoil 
coordijiates in percent chord, where the chord for this pT J im- 
pose is the part of the /-axis interc(i)ted by the airfoil. 
Denote the coordinates thus obtained by yp). Find 
l^^J^'f' ill percent chord. Find — the distance from the 
leading edge to F in percent chord, and denote this value by e. 
Obtain the ratio cfd, where c mi^ans here FF' and d is the 
spacing between (^orrespoi\ding i)oints on adjacent airfoils of 
the lattice. Find conversion factor m by 



d h 
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(2) Convert coonlinatos of the airfoil from {x^, y^) to 
(27r |, 2ir |) as follows: 

(3) Find the parameter 70 that corresponds to the deter- 
mined value of cid for tlie given value of p from graph or by 
calculation (equation (8)). Also find for later use the value 
of cig corresponding: to this value of 70 for ^=0''. 

(4) Consider, for this value of 70, the two straight-line 
cases (^-0, ^-0°) and (^=0, associate vahies of 
B=e^ for /3=0° with vahies e=B^ for the stagger angle jS by 
referring associated vahn^s of 6 to geometrically similar 
points of the lines (equation 

(5) Multiply coordinates in step (2) by the ratio -^^7^2" 

where the chord-gap values ar(> from step (3) for /?=0° and 
for 0=^. Using equation (B4), find values of 8 for |S=-0°. 

(6) With the aid of step (4) obtain approximat(* valutas of 
00 associated with the values of 6 obtained hi step (5). Then, 
with e^e^, use equation (B12) to obtain an approximate 
value of where 

2r7/ F{ffl 
^ d 2 

and the leading- and trailing-edge values of ^ are obtained 
from equation (B15). 

(7) Calculate, from equations (35) and (BlO), exact values 

'^'^ d! *^ssociated with the initial values of (^, B) in 

step (6) where x—x^+x2 and y=yi+y2. 

(8) If, on comparison of the coordinates in step (7) with 
the coordinates in step (2), it is deemed necessary to approxi- 
mate (^, 6) more closely for several of the points (x, one 

procedure is the following: An expression for j/ • ^ can 
bo found from equations (4) to (6) as 



d{^+iB) 
fi^^^^'^Lcosh 



sinh (yl/+ie) 



7o + cosh (^ + i/9)^^cosh 70-cosh (^+{ 
_j ^cqsh ( 



sinh {\t/+iB) 



ie)\ 

- sin b\ (^±i^) . _ _cqsh {^p~\~ie) 

2ir Lsinh 7o+sinh (^+i^)"*"sinh 7„~sinh"(\^+^ 



when 



With the notation of ecjuations (B5) and (BlO), this expres- 
sion may be written 

d(^iBr^+'^ 

= cos ^ sinh f -- e-'\+~ e"'^^ 

\Pi P2 / 

—1 sin /3 cosh {yp-\-iB) ( - e-% + - ^-'^^ 
7>=cos ^[sinh ^ cos e("*'^^<^' + "°^^'^^) 

\ Pi P2 /J 

+sin /3 fsinh 4^sme( ^^3^52^^ ) 

L \ P3 Pi / 

-cosh f cos ff(^^^^+^i"^A1 

\ P3 Pi /J 

rZ=cos ^l^cosh 4^ sin B \^ ^ ^ + ^ 

-sinh ^ COS. (^'^^i+i-;--*^^^^^ 
-sin^rcosh^cos»f"°^ + 

\ P3 P4 /J 

The following relation may then be noted: 



and 



Let 



A}l/ + iAB^ . - 

7^ + ^5 (B18) 

where the sul)scri})ts 0 and 1 refer to the coordinates given 
in steps (2) and (7), respectively. If the values (^, 6) 
obtained in step (6) are used, evaluation of equation (B18) 
gives values (A^, A0), ami (yp + A\P , B + Ad) represents the next 
approximation to the desired coordinates. Tlie process in 
steps (7) and (8) can be repeated if deemed necessary. 



The transformation (equation (9)) from the z'- to the 
2-plane may be rewritten 



APPENDIX C 

DERIVATION OF EQUATION (12) 

Substituting equation (C3) in equation (Cl) yiehls 



log|~/(s) 



00 p 



(Cl) 



where the complex constants c„ may be defined as 

€n = (ln + ibn 

On the boundaries, = and hence, 



log ^- = V'-^o+i(^-*) 



arul 
wliere 



COS n(t)+j^ sin n(t>^ 



(C2) 



With ^ considered as a function of 0 denoted by ^(0), the 
cocfTicients in equation (C2) are obtained as 



7,:-- r\i<t>)cosn<l>d<t> 



(C3) 



For 



M-^'l d<t> (C4) 

<1, the geometric series in equation (C4) can be 
summed and 

1 /^2Tr i4> 

wliich can immediately be expressed as in equation (12). 

For computational purposes, equation (12) nuiy be 
sej)arated into real and imaginary parts. Li^t J (z)=-^ p + iq 
and z=-x+iy (wlierc^ for example, in the zeroih approxima- 
tion x^^bf ?/=0). Then, 



where 



1 r^'^ .v, 

io' 



iV, COS <t>-\rj^ sin <i>— 1 



A^=j^ sm ^ COS </) 
Z>= 1 -2 (^J^ COS sin 



x'-Vy' 



and the integrations can be conveniently performed by 
Simpson's rule. 



APPENDIX D 

TRANSFORMATION FROM r-PLANE TO r-PLANE 



Tlie linear fractional transformation 

az'\~b 



'cz+d 



on wliich the derivation of etfuation (13) is based, has the 
following well-known propc^rties: 

(1) When z ti-averses a circle (7^, traverses a circle T^. 
• (2) Two points Wi and uh invers(» with respect to a cin h* 
corresi)ond to two points z^ and Z2 invei-se with respect to 
the circle C^. 

(3) The anharmoni<^ ratio of four poiiits is preserved; that 
is, if Zu ^2, Zzt and Z4 correspond to Wi, v)2y tt'a, and ^4* 



(2i- 24) (22" -3) ^ (^t'l — "^4) ( w^.— .W:!^) 

(21 - 22) (23- 24) ( w?i - ^th) {w^ - id;) 

For tlie desired corrt spoiuh^nce it is known that four points 

Wi = h^ W2=—b, and their inverse points Wz^'-^> W4-= ^ are 

to correspond to Zi=fiu ^2^— ^2 tnid their invei-se points 

2^=J^j 24="-^ • l^ropertv (3) yields a relation that may l)e 

used to solve for the radius aS' aud tliat can l)e expressed by 
equations (15) and (K)). Wlieu the radius of the circle in 
the i/>phine has been determined, [)ro[)erty (3) can again be 
used by replacing- -say, by w and ^4 by z. This procedure 
will yiehl a result Unit is equivalent to equation (13). 
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APPENDIX E 



OUTLINE OF CALCULATION PROCEDURE 



(1) JJst airfoil-soction coordinates in porcoiit chord. 

(2) Choose axes (appendix B, paragraph following efjua- 
tion (B17)). 

(3) List stagger angle /3 and find 70 and value of cjd for 
the skeleton line lattice (table I, fig. 2, and equation (8)), 

(4) Find 6) (appendix B). 

(5) Find €(0) (equation (10)) by method given in appendix 
of reference 3. 

(fi) Plot against 4> where 0=0+6. Find constant ^0 
(equation (11)) and R=ae'^^. 

(7) Find complex constants and /S,, (equation (12) and 
appendix C). 

(8) Find constants cosh 71, 71, S, and K=ki-\-iko (equa- 
tions (16), (15), and (14)). 

(9) Find complex constant h^\h\e^' (equation (20)) and 
real constant X (equation (27)). Also obtain functions 
7n(</>) and m(</>) from equation (29). 

(10) Find cr and, in particular, ctq (equation (30)). 

(11) Evaluate factors B, C, 7>, and E (equation (35)). 

(12) Evaluate factor A in equation (35), fii-st choosing 
the angle of attack a as indicated in the following paragraphs: 

The lift coefficient is as in equation (37) 



* eld2Vd c V 



Here cjd refers to the value of xjd at 0 percent chord minus 
xjd at 100 percent chord. By using equation (19) for r/2Vd, 
C[, may be expressed as 



where 



and 



Ci=Z/ sin ia+7)) 



11=4 -[{ ?!'.Y+/^n Y'Vi 
cLVcosh yj "^Vsinh yj J 

\cos (To &mh 7i/ 



(El) 



This relation may be used to find a for any desired value 
of Cl and it is further noted that a=— 17 is the angle of zcuo 
lift. 

The "idcar' angle of attack, introduced by Theodorsen, is 
defined for a thin section as the angle of attack for which a 
stagnation point exists not only at the sharp trailing edge 
but also at the sharp leading edge. For thick airfoils, the 
ideal angle of attack is defined in the same manner (the 
pressure difference at the leading edge vanishes) although 
the point that is considered the leading-edge point is not 
precisely defined. If this point is taken to be the intersection 
of the 3:-axis with the airfoil leading edge, the ideal lift and 
ideal angle of attack are found as follows: Let ai be the value 
of <T corresponding to the leading-edge point. The quantity 

^ m equation (24) (or the factor A in equation (35)) 



vanishes for a=<ri. The relation that gives the value of. 
the ideal angle of attack a = a^ is then 

sin a__cosh 71 sin <ti— sin <ro 
cos a sinh 71 cos o-j— cos <to 

and the ideal lift coefficient, from equation (El), is 



where 



Ct,^ -4^ J cos ^ (<r,-<ro) 



J2^j^cosh 7i cos |((ri + (ro)J + j^sinh 7, sin ~(<ri + <ro) J 

(13) The surface velocity ratio v/V is now found from 
equation (35) and the (mean) supei-stream pressure is found 
from Bernoulli's equation as 

v2 



I— (;-)■ 



The angle through whi(»h the stream is turned may be found 
from equation (23). 

A remark may be inserted here regarding an inverse 
calculation procedure. Instead of starting with a given 
lattic(\ it may be convenient to start with given function 
'^(<t>)y ((juantity \P as a function of <t>) and given parameters 
7o and j3. Then both the lattice arrangement and the flow 
prop(4-ti(*s follow uniquely and, in this way, systematic 
families of lattices can be studied. 
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Positive directions of axes and angles (forces and moments) are shown by anows - 



Axis 



Designation 



Longitudinal.. 

LateriaL 

Nonnal 



Sym- 
bol 



Y 
Z 



Force 
(parallel 
to axis) 
symbol 



X 
Y 
Z 



Moment about axis 



Designation 



Rolling 

Pitching 

Yawing _ 



Sym- 
bol 



L 
M 

N 



JPositive 
direction 



X- 



Angle 



Designa- 
tion 



Roll 

Pitch. 

Yaw ... 



bol 



* 



Absolute coefficients of moment 
(rollmg) (pitchmg) 



(comi 
n^t aio]^ 

AXIB) 



u 

9- 




qbS 
(yawing) 




D 

P 

PID 

V 

V. 

T 



Diameter 
Geometric pitch 
Pitch ratio 
Inflow velocity 
Slipstream velocity 

Thrust, absolute coeflBcient Ct= 



Angle of set of control surface. 
position), 5. (Indicate surface by^p^M . , r - 



4. PROPELLER SYMBOLS ■ - - / 



T 



Q Torque, absolute coefficient C<,=-%^ 



a 

n 



Power, absolute coefficient ((7« 

Speed-power coeffieien^«.^^^.Mi^^fe^^^g 



1 hp=76.04 kg-m/s = 550 ft-lb/sec 
1 metric horsepower =0,9863 hp 
1 mph=0.4470 mps 
1 mps=2,2369 mph 



5. NUMERICAL RELATIONS 



Efficiency ^ r-.--.^-- ^ 

Revolutions per second^ ip^T ^liS^^^^^^^^ 
Effective helix 



1 lb=0.4536 kg 

1 kg=2.2046 lb 

1 mi=: 1,609.35 m=5,280 ft 

lm= 3.2808 ft 




